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l .o A brief discussion follows as  t o  the theoret ical  models pur- 

sued i n  t h i s  project and the struc2;ural ideaUm&t&ons %hereof. 

1.1 Constitutive Equations: 

There a re  indeed a large number of poss ib i l i t i es  of considering 

the stress s t r a i n  relations i n  the  e las t ic -p las t ic  region. For instance 

the Ramberg-Osgood relationship is  val id  f o r  a unidirectional stress 

s i tuat ion and is  given by: 
n e = B -  " + ku 

On the other side of the  spectrum a re  the flow laws relat ing s t resses  

and s t r a i n  ra tes  expressed i n  three dimensions. e.g.  

Deformation laws relat ing s t resses  and s t ra ins  a re  a mathematical appro* 

ximation t o  the above and their  va l id i ty  can only be discussed i n  context 

of the accuracy of a par t icular  problem. 

l%W3&l.-Reuss equations re la t ing  the p l a s t i c  s t r a i n  increment t o  the 

One such relationship i s  the 

instantaneous stress deviation. 

S t  can be shown t h a t  t h i s  set of equations implies the Von Mises yield 

c r i te r ion  (1). However, there is a benefit ,  as Marcal has noted (2), 

i n  incorporating expl ic i ty  the \Ton Mises y ie ld  c r i te r ion  or ra ther  i t s  

implicit  d i f f e ren t i a l  i n  the Prandtl-Reuss equations. The resul t ing 

equations a re  given below: 
3 
2 

de, = - 
3 de = 7 Y 
3 
2 

dez = - 
dexy= 3 
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These  c o n s t i t u t i v e  e q u a t i o n s  were c o n s i d e r e d  most a d e q u a t e  f o r  t h e  

p r e s e n t  p u r p o s e s .  
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1.2 F i n i t e  Element:  
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F i r s t  a beam e l e m e n t  w i t h  and  w i t h o u t  a x i a l  l o a d s  w a s  con- 

s i d e r e d .  Here a u n i a x i a l  s t ress  s t r a i n  r e l a t i o n s h i p  would be con- 

s i d e r e d ,  e. g. e l a s t i c  i d e a l l y  p l a s t i c  o r  Ramberg-Osgood t y p e  o f  

r e l a t i o n s h i p .  L t  may b e  n o t e d  however,  t h a t  f o r  a s t i f f n e s s  fo rmula -  

t i o n ,  t h i s  approach  l e n d s  i t s e l f  t o  c o m p l e x i t i e s .  A m o d i f i c a t i o n  

of t h i s  approach  h a s  b e e n  t r i e d  by  u s i n g  l a y e r e d  f l a n g e  e l e m e n t s  

which a l l o w  f o r  t h e  f a c t  t h a t  a g i v e n  s e c t i o n  t h e  s t r a i n s  a l o n g  a 

h o r i z o n t a l  l i n e  w i l l  b e  t h e  same ( 3 ) .  I t  i s  f e l t  t h a t  t h i s  a t t e m p t  

i s  n o t  t o o  s u c c e s s f u l  and t h a t  t h e  r e s u l t s  a r e  t o o  r e s t r i c t i v e .  

It  w a s  t h e r e f o r e  t h o u g h t  t h a t  a c e r t a i n  d e g r e e  o f  g e n e r a l i t y  

c o u l d  b e  r e t a i n e d  i f  a beam o r  a beam e l e m e n t  may b e  t h o u g h t  o f  as 

a n  assembly  of  a s e r i e s  of  f i n i t e  e l e m e n t s .  The i n d i v i d u a l  e l e m e n t s  

r e p r e s e n t  a cont inuum i n  a s t a t e  o f  p l a n e  s t ress .  The r e s u l t a n t  

f o r c e s  and d i s p l a c e m e n t s  a t  t h e  e n d s  o f  t h e  e l e m e n t s  would t h e n  b e  

i n t e r p r e t e d  t o  f o r m u l a t e  t h e  s t i f f n e s s  ma t r ix  of  t h e  beam o r  t h e  

beam e l e m e n t .  

T r i a n g u l a r  and r e c t a n g u l a r  e l e m e n t s  were c o n s i d e r e d  i n  t h i s  

p r o j e c t ;  t h e  a r r a n g e m e n t s  were as shown below: 
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The d i s p l a c e m e n t  f u n c t i o n s  used  were: 

u = 0 e 1 + a  x . l r c i y + c 1 4 x y  
f a r  t h e  

e l e m e n t s  

3 
u = a1 + a2 x f a3y 2 f o r  the 

elements  
t r i angu ta r  and re e t  a n g u l a r  

v = a4 + a5 x $. ciGy v = cis -1- a6 x + a7y + agxy 

A computer  program w a s  w r i t t e n  and debugged t o  f i n d  t h e  r e s u l t -  

i n g  d i s p l a c e m e n t s ,  e t c .  due t o  s t a t i c  l o a d s  a p p l i e d  t o  t h e  above  

a r r a n g e m e n t s  of t h e  f i n i t e  e l e m e n t s .  The m o d i f i e d  P r a n d t l - R e u s s  

e q u a t i o n s  a re  i n c o r p o r a t e d  i n  t h e  program. 

1.3 Dynamic Response and F r e e  V i b r a t i o n s :  

With t h e  deve lopment  o f  t h e  s t a t i c  program i t  would n o t  b e  

d i f f i c u l t  t o  o b t a i n  a t i m e  d e p e n d e n t  r e s p o n s e  o f  a g i v e n  s y s t e m  

to a g i v e n  i n p u t  of t i m e  v a r i a b l e  l o a d i n g  i f  s u f f i c i e n t l y  s m a l l  

i n c r e m e n t s  of t i m e  a re  c o n s i d e r e d  d u r i n g  which the " s t a t i c "  a n a l y s i s  

i s  done.  

However, t h e  s t u d y  o f  f r e e  v i b r a t i o n s  f o r  8211 e 1 a s t i c - p l a s t i c  

e l e m e n t ,  t h a t  i s ,  f o r m u l a t i o n  i n  terms o f  a mass m a t r i x  and o f  

how t h i s  i s  a f f e c t e d  by e l a s t i c  p l a s t i c  stress s t r a i n  r e l a t i o n s h i p s  

remains i n c o n c l u s i v e .  
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2 .o Student participation : 

Two senior students, now graduates, have worked almost for the 

en t i re  time of t h i s  project and in  addition another graduating senior 

ass is ted on the programming aspects of the  project during the summer. 

It is  believed tha t  the project has stimulated t h e i r  professional in- 

t e r e s t s  and has exposed them t o  the specif ic  too ls  namely the f i n i t e  

element method and computer programming. 
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